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ABSTRACT

The standard small-time functional central limit theorem of semimartingales has
been established in [1], proving that the scaling limit law of a large class of stochas-
tic processes in increasingly small time scales is that of a Brownian motion with a
possibly nontrivial variance-covariance matrix. In this paper we focus on the time-
homogeneous diffusion processes described by Ité SDEs. Instead of the simple time
scaling 1/n of [1] we consider the scaled processes stopped at the first exit times
from the balls of decreasing radius n~!/2 without scaling time itself. To the best of
our knowledge, this particular scaling has not been investigated in the literature.
We prove that this is a nontrivial example of a sequence of processes which con-
verges in the sense of finite-dimensional distributions over a dense subset of [0, o),
but it does not converge weakly in the sense of laws of cadlag processes. We also
characterise the limit law of the scaled processes evaluated at their respective first
exit times.
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1. Introduction and main results

Throughout this paper, we will consider f € C?(R%;RY), that is a vector-valued func-
tion f = (f1,..., f¢) such that each of its components f; : R? — R is twice contin-
uously differentiable. The gradient of fj is denoted with V fi, the Jacobian matrix
of f is denoted with J; and the Hessian matrix of f; is denoted with Hy, . Also, let
(Q, F,(#)i>0,P) be a filtered probability space where the filtration (.%;):>0 sat-
isfies the usual conditions of being increasing, right-continuous and P-complete.
Suppose that there is a standard, R%valued (Z+)t>0-Brownian motion W defined
on such filtered probability space. We shall denote with X the unique strong solu-
tion of the stochastic differential equation

X=a+ /0 u(X,)ds + /0 o(X,)dW,

where z € R? and i1 : R? — R?, 5 : R? — R%*? satisfy the local Lipschitz and linear
growth condition. While the local Lipschitz condition alone yields strong uniqueness
of the solution, the linear growth condition guarantees that X is non-explosive (or
conservative) so that P-almost surely (a.s.) X has continuous paths; these results
can be found, for example, in ([2]; Th.3.1 p. 178 and p. 215). We will work under a

diffusivity assumption on the matrix o:

Assumption 1. We assume that

inf (o0’ >0
a7 ek W)

forsome k € {1, ...,d}.

We shall then focus on the sequence of scaled stopped processes

(nl/Q(f(X%”(X)At) — f(x)))>0, neN

where 77(X) := inf{s : || X, — x| = n~'/?}. Note that time ¢ is not itself scaled.
Let 77(y) := inf{t : sup,<; [|lys|| > r} be the first exit time functional. We will prove
a convergence result for the finite-dimensional distributions of such sequence. We
will use well-established notation for weak convergence: —" in the case of (laws
of) R¥-valued random variables, while the symbol = will be used to indicate weak

convergence in the sense of laws of stochastic processes on the path space. We



will expand on the latter’s framework in the following section. Our main result is a
nontrivial example of a sequence of stochastic processes converging in the finite-

dimensional distributions sense, but not weakly - thus lacking tightness.

Theorem 1. The sequence of processes (nl/Z(f(X;n(X)A.) — f(x)))nen con-
verges in the sense of finite-dimensional distributions over any finite collection
{t1,t2,....t;} C (0,00). In particular, for any {t,ts,...,tm} C (0,00) and ¢ : R™** —
R continuous and bounded we have

[Elp(n'(f(Xenxoan) = F(@)); o0 2 (f (Xznx)nn,) = f(@))]
- E[¢(Jf($)0($)WTl(U(x)W)> o0y Jf(x)a(x)WTl(U(x)W))” —0

as n — oo. However, in general the sequence of processes (n1/2(f(X;n(X)/\,) -
f(z)))nen does not converge weakly to the process (Jy(z)o(2)Wri(o@yw))i>0 -
which is a continuous-path process taking the value Jy(z)o(z)Wri(o@w) at all
t>0.

Furthermore, we will also see that if the volatility matrix is a rotation at the initial
condition (i.e. y — o(y) evaluated at x is a rotation matrix) then the limit law of
the sequence (nl/z(f(X;n(X)) — f()))nen - that is, the scaled processes evaluated
at the first exit times - depends on a random variable uniformly distributed on the

unit sphere. Indeed, using Theorem 1 we can prove our second main result.

Theorem 2. We have

n2(f(Xrn(x)) = f(@)) 2 Tp(@)0 (€)W (o ()

asn — oo. In particular, if o(x) is a rotation then for any ¢ : R — R continuous and
bounded we have

Blo(n2(f(Xeo ) = F@))] = | elUy(@)z)e(d2)

as n — oo where w(dz) is the normalised canonical surface measure on the unit

sphere.

We shall introduce some general lemmas on the weak convergence of stochastic

processes that will be useful for the proofs of the central results; these will be pre-



sented in the last section respectively in two dedicated subsections. We remark
again that - to the best of our knowledge - the weak convergence of the sequence
of stochastic processes of Theorem 1 has not been investigated in previous work.
It is mentioned in [6] that in the literature there are (possibly nontrivial) counterex-
amples in functional limit theorems, however no specific details are mentioned
except general references. We may then provide an explicit illustrative example of

Theorem 1 as following.

Example 1. Letd =1, =0,0 =1, = 0, so that X is a standard Brownian motion
on R and 7*(X) = #(W) = inf{s : |[W,| = n~'/2}. Suppose for simplicity that £ = 1

and f(0) = 0, so that the sequence of scaled processes is given by
(nl/Qf(Wt/\%"(W)))tZOa n €N

Then, by Theorem 1 such sequence converges in the finite-dimensional distribu-
tions sense (over (0, 00)) to the process (f'(0)W.1(y))i>0, which takes the (random)
value f’(O)er(W) at all ¢t > 0. However, the sequence does not converge weakly
in the sense of stochastic processes, in general. Indeed, n1/2f(WOA;n(W)) = 0 for
all n € N, so the coordinate projections at time ¢ = 0 cannot converge weakly to
FO)YWoyyy if f'(0) # 0 since Wy is uniformly distributed on {—1,1}. A simple,
nontrivial choice for f in this case would be f(z) = e* — 1, which is null at zero and
such that f'(z) = ¢*, so f/(0) = 1.

2. Preparatory lemmas

2.1. Weak convergence in the local uniform and Skorokhod topologies

Given a sequence of cadlag R?valued processes (Y™),en Oon a probability space -
not necessarily adapted to the same filtration - weak convergence to the law of a
cadlag process Y is denoted with Y = Y and it holds iff E[o(Y")] — E[p(Y)] as
n — oo for all functionals ¢ bounded and continuous in the local uniform (resp. Sko-
rokhod) topology, see e.qg. ([3]; VI.1 pp. 325-336) for reference. If y is a continuous
function and (y"),en @ sequence of cadlag functions, then y™ — y in the Skorokhod
topology iff ¥ — y in the local uniform topology. We may abbreviate ’local uni-
form’ with 'l.u.” and 'Skorokhod’ with 'Sk.” for ease of exposition. For reference, see
([3]; VI.1.17.(b) p. 328). We can then conclude that if the limit process Y has a.s.
continuous paths, then weak convergence in each sense is equivalent to the other.



Lemma 1. Suppose P(Y € Cra[0,00)) = 1. Let (Y"),en be a sequence of cadlag
stochastic processes. Then weak convergence Y" = Y in the Skorokhod topology
is equivalent to weak convergence in the local uniform topology.

Proof. (=). Suppose we have Y" = Y in the Skorokhod topology. Let ¢ be a
functional which is bounded and continuous in the l.u. topology. As ¢ is every-
where Lu. continuous, then P(Y € {y : ¢ is L.u. continuous at y}) = 1. But then
1 = PH{Y € Cral0,00)} N{Y € {y : ¢islu. continuous at y}}) < P(Y € {y :
¢ is Sk. continuous at y}). So by continuous mapping we have p(Y")—="¢(Y') and
since ¢ is bounded we get E[o(Y")] — E[p(Y)]. For (<) we argue equivalently. O

2.2. Weak convergence of stopped processes with Brownian limit

We shall denote again with W a standard R%Brownian motion. Let ¥ be a d x d
volatility matrix such that min;<;<4(XX');x > 0. In particular, this diffusivity as-
sumption on ¥ can be compared to Assumption 1, while o(z) in Theorem 1 is an
example of such volatility matrix satisfying the required condition. We now present
the main results on the weak convergence of stopped processes when the limit
process is XW.

Lemma 2. IfY" = XW, then 7" (Y") =" 77 (ZW).

Proof. The function y — 77 (y) is continuous at all y such that » ¢ {s : 7°(y) <
7" (y)} (where 7%" (y) = lim, s 7%(y)) by ([3]; VI.2.11 p. 341). The functions s —
7%(XW (w)) are nondecreasing left-continuous. For any £ > 0 and s | r, by strong
Markov property:

P(r"(SW)4+¢e <77 (SW)) <P (SW) + e < 7°(SW))

P
P( sup |EW| < s)
(W) <t<rm(EW) 4

E[P(Sup |z + ZWy|| < s>
t<

Z—EWT7‘(EW):|

—>E[P<sup |z + ZWy|| < r)
t<e

Z:EWTT(EW)]
=0



as s | r. The last equality follows from the fact that if ||z|| = r then

P(sup][z+ZWt]] < r) = P(susz—i—EWtH = r) =0
t<e t<e

As P(r"(SW) + e < 77 (EW)) = 0 for all ¢ > 0, we conclude that P(7"(SW) <
7 (SW)) = 0 by measure continuity, and the claim follows by continuous map-
ping. O

Lemma 3. IfY" = YW, then YT’}‘(W)A. = YW sw)a.-

Proof. Since YW has continuous paths and by (the proof of) Lemma 2 we have
P(r"(SW) < 77" (W)) = 0, the claim follows from ([3]; VI.2.12 p. 341) by contin-
uous mapping. O

2.3. Processes converging to 0 in u.c.p. and continuous local martingales

If (Y™),en is @ sequence of cadlag stochastic processes and Y a cadlag limit pro-
cess, we say that Y™ —"P Y - uniformly on compact sets in probability - if for any
e >0and N € N we have P(sup,<y [|Y;" — Yi|| > ¢) — 0 as n — oo. As is standard,
we abbreviate "uniformly on compact sets in probability’ with "u.c.p.” for ease of

exposition.

Lemma 4 (([3]; VI.3.31 p. 352)). Let Z" = H"+ Y™ If H" = H and Y™ —YP (,
then Zz" = H.

Lemma 5. Let ¢ € Cra[0,00). Then, Y™ = cimplies Y™ —4P ¢

Proof. By Lemma 1 we know that we have weak convergence in the local uniform
topology. Let N € Nand ¢ > 0. Then,

EP(sup |Y;" —c| > s) < E[sup V)" — e /\s} -0
t<N t<N

as n — oo. Since N, e were arbitrary, this implies the conclusion. O

If Y = (Y%, ..,Y%) is a R%valued local martingale, we denote with (Y*) the pre-
dictable quadratic variation of its k-th component. A sequence of cadlag processes
(Y™),en is called C-tight if it is tight and all possible limit laws are concentrated
on the continuous-path processes. In order to prove Lemma 8 we shall use results



from [3], some of which we report here for clarity. Recall that a local square inte-
grable martingale is a stochastic process which belongs to the localized class of
square integrable martingales (see ([3]; 1.1.33 p. 8)).

Lemma 6 (([3]; VI.3.33 p. 353)). If (Y")nen, (Z™)nen are two C-tight sequences of
stochastic processes, then (Y" 4+ Z™),en is C-tight.

Lemma 7 (([3]; VI.4.13 p. 358)). If (Y"),cn are local square integrable martingales
such that Yj* = 0 for all n (i.e. starting at zero), then (Y"),cn is tight if G" :=

Lemma 8. If (Y"),cy are continuous R%-valued local martingales starting at 0 and
(Ymky, P 0 forall k€ {1,..,d},t >0, then Y —{ 0,

Proof. By ([3]; 1.4.1 p. 38), the processes Y" are local square integrable martin-
gales. Since t — (Y™*), are nondecreasing processes, (Y™*), =P 0 forallt > 0
implies (Y™*) —U% ( - this in turn implies C-tightness of each (Y"™*). By Lemma
6 the sequence of processes given by G" := Z,Kd(Y”’k) is C-tight. Tightness of
the original sequence (Y"),cn then follows from L_emma 7. For k € {1,...,d} fixed,
since (Y™k) U ( the sequence of components (Y™*), .y converges in the finite-
dimensional distributions sense to 0 by ([3]; VIII.1.9 p. 458). So for each t > 0
fixed we have Y;"* —P 0 for all k& and so ¥;* = (V"' ...,v;*%) —F 0. Then,
the convergence of finite-dimensional distributions for (Y"),en follows because
(Y., ) =P 0 for any {t1,...,t,,}. So we have Y = 0 and we conclude by
Lemma 5. O

3. Proofs of the main results

3.1. Weak convergence in the finite-dimensional distributions sense

We shall prove Theorem 1 at the end of this section. First, we recall the small-time
functional central limit theorem of [1] when applied to diffusions described by It6

SDEs. Then, we establish the lemmas for the proof of Theorem 1.

Proposition 1 (([1]; Th. 3 p. 725)). In the sense of weak convergence of stochastic
processes, we have n'/?(f(X ;) — f(z)) = Jy(z)o(z)W as n — oo where W is a

standard R%-Brownian motion.



Lemma 9. /f Assumption 1 holds, then for all t > 0 we have
P(Sup | Xs —z|| = O) =0
s<t

Proof. Denote X; = (Xi4,...,X4:) and oy is the k-th row of 0. We get that
d[Xg, X1t = ||ok(Xy)|?dt and that, for each k, the local time process at x;, of the
k-th component is L**(X}). For each k, the process (a,t) — L{(X}y) has a modifi-
cation process which is cadlag in a and continuous in t a.s. (see e.g. ([5]; VI.1.7 p.
225)), and we shall work with such. We then also know that
T 1 2
L (Xy) = lim — ; Loy zpte) (Xis) 0w (Xs) [|ds

e—0 €

on a set Q) such that P(Q) = 1 (see e.g. ([5]; VI.1.9 p. 227)). Suppose
wE {SupHXS—xH :0}mﬁm{0<%1(X) < oo}
s<t

Recall that by Assumption 1, E[7}(X)] < oo and that we have 7}(X) > 0 a.s by
definition of 71(X), so P(0 < 7}(X) < o) = 1. Then, for some k € {1,2, ...,d},

1 t

LE (X)) = Bt = | ey (X () on (X () Pl
1 AT (X))
> lim — llow(Xs(w))|*ds
e—0 €
. . tAFHX)(w)
> ! BRI S A s aes
- Z:lgr(l) (y:HylElaj{,:‘”SI(o-o- )k’k(y)) e o

and therefore a — L{(Xj)(w) cannot be cadlag at zx. So w ¢ {a ~—
L{(X}) is cadlag}, the complement of which has probability zero, and we con-
clude. O

Lemma 10. Under Assumption 1 we have 7*(X) | 0 a.s.

Proof. Let w € {7"(X) 4 0}. Then there exists ¢ > 0 such that for all N € N there
exists n > N for which 77(X)(w) > €. Then || X;(w) — z|| < n~/2 forall t < ¢, and so



| X¢(w) — z|| = 0 for all t < . Therefore:

P(7"(X) £ 0) < P<35 > 0 supf| X, —af| = 0>
t<e

<> P<supHXt—a:H :o)

q€Q+ t=q
and by Lemma 9 we conclude. O

We remark that we suppose that Assumption 1 holds in the following.
Lemma 11. We have
N (X) S o ()W) = inf{t : |o(z)W;] = 1}

asn — oQ.

Proof. Note n7"(X) = inf{t : ||n1/2(Xt/n — z)|| = 1}. Since the paths of X are

continuous, the claim follows by Lemma 2 and Proposition 1. O
Proposition 2. We define the sequence of scaled processes
X" =02 ((f(Xzexon) = F(@)) = Tp(@)(Xzn ()0 — @)

Then X™ —yucp (),

Proof. Denote X" = (X™!, ..., X™!). By Itd

(X)L
k=t [C (VA — V) o (X )
0

1/2 f"(X)/\t 1 ,

w2 [T ((FA06) = V) X0 + o0 Hy, (X0 X))
(X)L 1 (X)AL
:n1/2/ ck(Xs,a:)-dWs-i-nl/Q/ br(Xs, z)ds
0 0

For any ¢t > 0 we have by Lemma 11, Lemma 10 and Slutsky’s theorem that

v,k wn,k ~n 1 XN 2 P
R XM = 070 s [ (X Pas Bo

—0 a.s.



as n — oo, because |cx (X, z)||*? — 0 a.s. as t | 0. The drift terms converge in u.c.p.
to zero. Indeed, for any N € N we have

1 (X)AL
sup |n'/? / b (X5, x)ds
t<N 0

<m~'"(X) 1
- nl2 m(X)

") N
/ b (X, 2)|ds B 0
0

as n — oo, because |by(X;, z)| — |Tro(x) Hy, (z)o(x)]|/2 a.s. as t | 0. Since the
sequence of martingale parts of X" converge in u.c.p. to 0 by Lemma 8 and the

drifts converge in u.c.p. to 0, the claim follows. O

Lemma 12. The sequence of processes (nl/Q(X;"(X),\. — x))nen CcoOnverges in the
sense of finite-dimensional distributions over {t1,ts,....,t;,} C (0,00). In particular,

for any {t1,ts,...,t;,} C (0,00) and ¢ : R™*< — R continuous and bounded we have

|E[‘P(”1/2(X%"(X)Atl - ). n1/2(X%"(X)Atm —x))]
— Elp(o ()W (o@yw), -+ () Wi (o@yw))]] = 0

asn — oQ.

Proof. Forany 0 < t; < ... < t,, and ¢ : R™*d _ R continuous and bounded we

have
|E[<P(n1/2(X~n(X)At — @), Xz )0t — 7))
Elp(n'/(Xzn(x) = ), 000y 0" (Xn(x) — @)
< 2[[plloeP(F(X) = £1) =0
as n — oo, because 7(X) | 0 a.. Define Z" = nl/?(X ), — z) and recall

TH(Z") = n7"(X). We have that Z7, ;.\, = ()W, (o@w)s. by Lemma 3 (thus,
also in the finite-dimensional distributions sense since the limit process has contin-
uous paths). Also note

n/2(X

Fr(x) —T) = ”1/2(X

(n#n(X))/n — T) = Z (zm)

Denote Z := o(z)W for ease of notation. Now, for any a > 0 and ¢ : RY — R

10



continuous and bounded we have

[E[p(Z7120)] — Elo(Zr1(2))]]
<2)plloP(TH(Z27) > a) + [Elp(Z2 (20)00)) = Elp(Zr1(2)00)]]
+ Elp(Zr1(z)0a)] — Elp(Zr1 ()]

Since 71(Z") —»" 7Y(Z) as n — oo, we get

limsup [E[p(Z} 70)] = Elp(Zn(2)]] < 2]|¢llP(71(2) = a)

n—oo

+ E[@p(Zr1(200)] — Elp(Zr1(2))]]

Since 7!(Z) is a.s. finite and so Zri(z)na — Zri(z) a.S., we conclude by sending

a — oo, and the claim follows. O
We can now prove Theorem 1.

Proof of Theorem 1. The first claim follows from Slutsky’s theorem by combin-
ing Lemma 12 and Proposition 2. For the second claim, suppose the sequence of
processes converges weakly to (J¢(z)o(z)Wr1 (o(z)w))t>0- Then, the coordinate pro-
jections at t = 0 would converge in distribution to J¢(x)o(z)Wr1(g(z)w)- That is, for
any ¢ : R - R we would have

(0) = Elp(n'(f(Xzn(x)r0) = £(@)))] = Elp(J5 (@) (@) Wes (o (ayw))]

as n — oo, which would imply that J¢(z)o ()W ((z)w) ~ do, but this is false in
general. O

3.2. Convergence in distribution at the first exit time

We start out with a well-known necessary and sufficient condition for convergence
in distribution for R%-valued random variables; this will allow us to prove a lemma

(Lemma 14) instrumental to proving Theorem 2.

Lemma 13 (([4]; Th.13.16 p. 254)). Let (Y"),en,Y be R-valued random vari-
ables. Then Y™ =" Y iff E[p(Y™)] — E[p(Y)] for all bounded Lipschitz continuous

functions .

11



Lemma 14. Foreachn € Nand 1 < k </, the processes
7 (X)ha a.s.and L'
EMFR = n1/2/ Vie(Xs) - o(Xs)dW, = 805 ymk
0

as a — oo. We denote F' = (Fit, . Fo"Yy and v = (V™! . V™!). We have
Vn ﬂ) Jf (m)a(x)WTl(U(x)W)

asn — oo.

Proof. For each n and k fixed, the process (F;"k)aeN is an L2-martingale. Let

My ) := SUpy)|.—q)<1y IV fr(2)o(2)]|. We have by monotone convergence

7(X)Aa
sup E[|F£‘k]2] = sup nE[/ Hka(Xs)a(Xs)||2ds
a€eN aeN 0

< M%’knE[%n(X)] < 00

where the last inequality follows because Assumption 1 holds and E[7"(X)] <
E[7(X)] for all n. So, for each fixed n € N,k € {1, ..., £}, the martingales (F(’f’k)aeN
are uniformly integrable by de la Vallée-Poussin criterion (see e.g. ([7]; Th.22.9(x) p.
266)). Therefore the first claim follows by martingale convergence. Let ¢ : Rf 5 R
be bounded and Lipschitz continuous with Lipschitz constant K. By the above it
follows that |[E[¢(F)] — E[p(V")]| < K E[||F} — V"|]]—=0 as a — oco. Let ¢ > 0. For
all a sufficiently large:

[Elp(V")] = Ele(Jr(2)o(2)Wr (o @yw)|
<&+ |Elp(Fy)] - Elp(J5(2)o (@)W (o@yw)]]

Recall that we have that
7 (X)Na _
0 2(f(Xon(xyna) — f(@)) =0/ / B(X)du + F7
0

where b = (b1, ..., by) similarly as in the notation of (the proof of) Proposition 2. The
drift terms converge in probability to 0 as n — oo; by Theorem 1 and Slutsky’s
theorem we have that ) =" Jy(z)o(2)Wri(5(2)w) @S n — o0. SO

lim sup [E[p(V")] — Elp(Jf (2)0 (£)Wr (o@w))]] < e

n—o0

12



and since € > 0 was arbitrary, the claim follows by Lemma 13. O
We can now prove our second result, Theorem 2.

Proof of Theorem 2. \We again use the notation of Lemma 14 with b = (by, ..., by).
By continuous mapping and the first result in Lemma 14 we have a.s.:

02 (f(Xen(x) — f(@) = lim n'2(f(Xzn(x)na) — f(2))

a—r0o0

Fn

(x)
L2 / B(X)du+ V™
0

The first term on the right-hand side converges in probability to 0 as n — co. There-
fore, by Slutsky’s theorem and the second result in Lemma 14 we conclude for the
first claim. The second claim follows from the fact that if O is a rotation matrix then

by rotational invariance of Brownian motion we have OW_. o) ~ w(dz). O

13
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