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ABSTRACT

In this note we discuss two leveraged derivatives strategies in continuous time, both
in the Black-Scholes framework and in its immediate, standard extension where
implied volatility differs from realised volatility: (i) a rolling leverage strategy in
which the amount of derivatives units on leverage is held constant in time, and
(ii) a LETF-like portfolio constructed through a straightforward generalisation of the
method of [1], in which the relative weight of leveraged derivatives is held constant
in time. We focus on the closed-form of the Delta-hedging weight in both cases, and
the consequences on the Gamma exposure under the implied # realised volatility
scenario.

1. Rolling leverage strategy in continuous time

Let S = (S;)¢>0 be the underlying asset price and V (¢, 5;) the time-t price of a
derivative on S. Suppose that, in discrete time from ¢ to t + At, the leveraged
strategy longs one unit of V' and borrows ~ units at rate r at time ¢, repaying the
corresponding amount at time ¢t + At. The cash flow profile is:

Long one unit Levered v units Leverage
t: —V(t, St) —")/V(t, St) +’}’V(t,St)
t+ At V(t + At, St—l—At) ’)’V(t + At, St—l—At) —verAtV(t, St)
The profit-and-losses (PnL) differential is then
AHt—>t+At = (1 + ')/)(V(t -+ At, St+At) - V(t, St)) — ’YV(t, St)(erAt — 1)

If we consider the Black-Scholes model for S (i.e. geometric Brownian motion dy-
namics), then the corresponding stochastic differential as At | 0 is

dHt = (1 + ’Y)dV(t, St) — T")/V(t, St)dt

since lima (e — 1)/At = r. The total PnL from time ¢ to time 7" > ¢ is then

T
My — T, = (1 +)(V(T, S1) — V(1. 5)) — / V(u, S0)du
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Under the Black-Scholes risk-neutral measure (), we obtain, as expected,
T
BRIy 1] = (14 ) (EV(T.S0) = V(t.50) ~ 7y [ EQV (. S)du
t

T
= (1+)V{(¢, St)(er(T_t) —1) — ryV(t, St)/ e (4=t gy
t

= V(t,Sp)(e" T —1)

since (e "'V (t, S¢))i>0 is @ @-martingale. Now consider the model relaxation where
the Black-Scholes implied volatility of V' is different from the realised volatility,
resp. o; # og. The derivative price (¢,s) — V (¢, s) solves the Black-Scholes PDE on
(0,7) x (0,00)

ov oV 1 v
Y —(t,s) +rs—(t, 8)—}-*820%8 5

s (t,s) =rV(t,s)

while the underlying P-dynamics are dS; = uS;dt + orS;dW;. The PnL stochastic
differential has the representation:

dlly = (1 +7)dV (¢, St) — ryV (¢, Sp)dt
_ o oV 5 o 02V
=(1 +7)< 5 (t,S¢) + wSt—— P (t,St) + S JRaSQ(t,St)>dt
ov
—ryV(t,Sp)dt + (1 +v)——

ds
2
= (149) (0= )8 G050 + 55200 oG (150 )

(t St)O'RStth

ov
+rV(t, Sp)dt + (1 +~v)—

a (t St)O'RStth

It is then clear that the Delta-hedge is

ov

—(t
8S(>St)

ot = (1+7)

Indeed, consider the Delta-hedged PnL differential dII; where the short proceedings
are reinvested at rate r. We obtain, after simplification,

dll; = dI1; — 8;dS; + r6:S;dt
vV

oV
=dll; — (1+7)5- o5 (t, S)dSy +r(1+7)Si—5- 99 (t, S)dt
2
= rV(t, Sy)dt + Lt “ (o2 - a§)s§%(t, Sy)dt

Hence, we conclude that Delta-hedging the rolling leverage strategy scales the
2 . .

dollar Gamma exposure Sf%T‘;(t,St) by the leverage multiplier 1 4 ~, under the

above model relaxation. In the case o7y = op, we recover the Black-Scholes case,

which imposes the risk-free return rV (¢, S;)dt on the Delta-hedged PnL.



2. Leveraged ETF-like derivatives portfolio

We now follow the construction of [1], but for a derivatives LETF (leveraged
exchange-traded fund). Assuming (V' (¢, S¢)):>0 is strictly positive and § > 1, the
("bullish") LETF portfolio L = (L¢):>0 with an initial endowment Ly > 0 is con-
structed by going long on SL;/V(t,S;) units of V(¢,.S;) while borrowing (5 — 1)L,
at the rate r, and then rebalancing accordingly. The stochastic differential of the
portfolio value is then

BLy
V(t, S)

If we consider the Black-Scholes model for S, then we obtain

st == dV(t, St) - T‘(ﬁ - 1)Ltdt

AV(ES) _ oy o S OV

Vit 5 5 Bs b S

By applying 1tdé’s formula to In L; and In V' (¢, .S;),

B 1 S v 2 S oV

B 32 S, oV 2 S, oV
dlnLt— (7" 2<O‘V(t St> Ds (t St)> )dt+BUV(t St) Ds (t St)th

_ <(1 _ By — WQ_ D (UV(tStSt) %V , St)>2>dt + BdnV (L, 5,)

Hence the solution for the SDE of L is found in terms of V(¢,S;): forany t < T

LLT _ <VV((Tt:§tT))>Bexp <(1—5)T(T—t)—ﬁ(52_1)/tT <av(5“5 )%V(u s )>2du)

similarly as in ([1]; Eqg. 10 p. 592). By changing measure from @ to P we obtain:

- S, oV
st = T‘Ltdt + O'BLtV(t St) Ds (t St)th
Sy oV Sy oV
— L _ L2t
+ <T’ + (u T)Bv(t St) o5 (t St)>dt +op t (t St) s (t St)th

The Delta-hedge is then

1 oV

=Pl sy V(t,S;) s

(t, St)




which implies (with short proceedings at rate r)

st — 5tdSt + T(StStdt
1 oV
V(t,S;) 0Ss

(’I“V(t, St)> dt = T‘Ltdt

1 ov

= dLy — BLigrro 7558 (t,St)>dt

(t St)dSt TStBLt <

~V(t,S)

Now consider the Black-Scholes model relaxation of the previous section, so that
or # or. We get

2
a5l (av Ly 20V

v sy Lar (50 + 578t 53
— (B =1DrLdt + ——(t,S,)o RS AW,

ov
(t St) +,U,St Ds (t St)>dt

L oV
V(t,S;) 9s

Ly 1 oV
— by (V650 + 50k - oSS (050

+ (u— T)Staav (t, St)>dt —(B—=1)rLdt + 3

L v
V(t, St) 85
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Hence (denote with L the delta-hedge + short proceedings strategy)

L oov LoV
V.5, a5 b WS+ rSiBLigaas Ho(t

1 2V
_ ,3 (t St) (TV(t7 St) + 5(012:1 — U%)Sf@(tj St))dt
- (/8 - 1)T’Ltdt

dL; = dL; — BLigray Sy)dt

Ly 1 , OV

V52 (0 — %S

TLtdt + B t 852

(t, Sy)dt

So the Delta- hedging strategy of the LETF-like portfolio scales the dollar Gamma
exposure St 5 V.(t,S;) by the (local) leverage multiplier SL;/V (t,S;), under the
above model relaxation.
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