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Abstract

The a-quantile M, , of a stochastic process has been introduced in [11] and
important distributional results have been derived in [I], [5] and [13], with spe-
cial attention given to the problem of pricing a-quantile options. We straight-
forwardly extend the classical monodimensional setting to R¢ by introducing the
hyperplane a-quantile and we find an explicit functional continuity set of the a-
quantile as a functional mapping R%valued cadlag functions to R. This specifi-
cation allows us to use continuous mapping and assert that if a R%-valued cadlag
stochastic process X a.s. belongs to such continuity set, then X™ = X (i.e.
weakly in the Skorokhod sense) implies My o(X™) =% M;o(X) (ie. weakly)
in the usual sense. We further the discussion by considering the conditions for
convergence of a 'random time’ functional of M; ,, the first time at which the
a-quantile has been hit, applied to sequences of cadlag functions converging in
the Skorokhod topology. The Brownian distribution of this functional is stud-
ied e.g. in [4] and [6]. We finally prove the fact that if the limit process of a

sequence of cadlag stochastic processes is a multidimensional Brownian motion
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of Proposition [3| Lemma [5, and Proposition@ (ruling out the trivial case v = 0).
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with nontrivial covariance structure, such random time functional applied to
the sequence of processes converges - jointly with the a-quantile - weakly in the

usual sense.

Keywords: Quantiles of Brownian motion ; Skorokhod space ; hitting times ;

weak convergence

1 Introduction

The set Dgal0,00) is the Skorokhod space of Ré-valued cadlag functions, which are
equivalently denoted with @ = (x4)i>0 = (14, ..., Tay))e>0 unless otherwise specified.
This set is equipped with the topology J1 induced by its specification of convergence
of sequences (see e.g. ([§]; VI.1.14. p. 328)); if d = 1 we write D[0, 00) for simplicity.
We denote with ||.|| the Euclidean norm in R%,d > 1 and with |.| the absolute value.
We denote with x -y = 2’y the dot product in R?. For clarity or ease of notation,
the Lebesgue measure on R will be identified with either A(dt) or dt. The Skorokhod
space is a Polish space, and there is a metric § such that §(z",z) — 0 if and only if
2™ — x in the Skorokhod topology. Following the argument of Prokhorov as in ([§];
VI.§1lc p. 329), § is given as following. First, for each N € N define the function ky by
En(t) =1ift < N ky(t):=N+1—-tif N<t<N+1land ky(t) :==0ift > N+ 1.

Then, for all A : [0, 00) — [0, c0) continuous strictly increasing with Ag = 0 and A; 1 oo

as t 1 oo set |[[A]|| := sup,., |Log?=2+|. Finally, for z, 2’ € Dga[0, 00) set

on(z,2") == mf([|[A[[] + [|(knz) 0 A = kna'l|oo)

Oz, ) = Z 27 N1 Ady(x,2))
NeN
where |[|.||o is the metric of ([8]; VI.1.2 p. 325) and kyx is the product of ky and
x € Dral0,00). We denote the jumps of cadlag functions with Az, := z; — 2,-. The
set Cra[0,00) C Dga[0,00) is the space of R-valued continuous functions. Given an
abstract probability space (£, .#, P), a cadlag stochastic process is identified with the
measurable function X : (Q,.#) — (Dga[0,00), Zra[0,00)) where Zral0,00) are the
Borel sets. If X ~ oW where W is a one-dimensional standard Brownian motion and
o > 0, then we will say that X is a Brownian motion with volatility parameter o.
We will also consider sequences of cadlag stochastic processes { X" = (X[")i>0,n € N}

cach defined on its own stochastic basis (", F", (%]")i>0, P™) which may not be the



same as that of X. We say that X" = X if E"[f(X™)] — ET[f(X)] as n — oo for
all f : Dgral0,00) — R bounded and continuous in the Skorokhod topology. Given a

time horizon ¢ > 0 and some « € (0,1) we define the hyperplane a-quantile

. 1 [
Mt,a(X) = inf {y : %/ 1{26Rd:'y-z§y}(Xs)ds > a} (1)
0

for some fixed v € R? and a cadlag stochastic process X. We denote with 7y, , (X)
the random time at which X has hit M, ,(X). We shall give the precise definitions of
these functionals respectively in Lemma[l]and Theorem[3] Our approach is to consider
the a-quantile and its random time as functionals on Dga[0, 00), and we study their

continuity properties in the Skorokhod topology. Quoting ([8], VI p. 337):

"It is important to decide whether a function defined on Dgal0,00) is continuous
for the Skorokhod topology. As a matter of fact, not very many functions are so, hence

the question becomes: at which points of Dgral0,00) is a given function continuous?”

To address this matter, we shall first characterise the (joint) continuity set of
r — (Mro(z), o, (2)) in the Skorokhod topology. Our main result is then the
following; its corollary is an immediate application to obtain a means convergence

result for a-quantile option payoffs.

Theorem 1. Let o € (0,1),T > 0,y € R% Let X = SW where W is a standard
R<-Brownian motion and X is such that £/ is a (nondegenerate) variance-covariance
matriz. Then, X belongs with probability one to the continuity set of Dgal0,00) 3
r = (Mro(z), o, () in the Skorokhod topology. Therefore: suppose X" = X,
then (Mro(X™), Targ o (X™)) =Y (Mr,o(X), Tagy . (X)) in the usual sense.

Proof. Of course X has a.s. continuous paths starting at zero with probability one.
With probability one the conditions (1),(2),(3) of Corollary [2 are satisfied by Lemma
Proposition [3] and Proposition [ So we conclude by continuous mapping. [

In the mathematical finance literature, functional central limit theorems with weak
limit X = YW emerge when considering the scaling limits of sequences of processes
modelling asset prices. An important example is the scaling limit (of differences) of
point processes with mutually exciting jump intensities of [2]. Another example is the

small-time functional central limit theorem of [7]. Theorem [1] establishes continuous



mapping in the case of the hyperplane a-quantile jointly with its random time func-
tional when applied to these sequences of processes. At the same time, the corollary
of Theorem (1| which we now are going to present also establishes the convergence of
option prices when the underlying quantities are the a-quantile and its random time
functional, given that some technical conditions on (X"),cn are met. Given a payoff
function g : R* — R applied to (M7(Y), 7., (Y)) of a cadlag stochastic process
Y, the standard pricing operation would consist in - setting the interest rate to zero
for simplicity - computing the expectation E*[g(Mr,(Y), Tary, (Y))] under the appro-
priate probability measure. This pricing problem has been studied in particular in
[6].

Corollary 1. Let X" = X and X" are all martingales in their respective filtrations.
Suppose that f : R — R satisfies the growth condition |f(2)|P < D(1+ |z|P) for some
p>1,D>0. Let v>0. Define g(m,u) = f(m)Lye0)(u) and its continuity set C(g).
If

1. supey B [|[(v - X*)r[P] < ooy
2. P((Mro(X), oy, (X)) € Clg)) = 1;

Then E™" [ (Mr.a(X™))Lo0) (Fatgn (X)) = B[ (M (X)) L0y (Tatz, (X))] as 0 =

Q.

Proof. The claim follows - straightforwardly with a standard uniform integrability
argument with the de la Vallée Poussin criterion - from Theorem [I} Lemma [3, Doob’s
LP-inequality of cadlag submartingales (see e.g. ([9]; 3.8.(iv) p. 13)), Skorokhod’s
representation theorem (see e.g. ([3]; Vol. II, 8.5.4. p. 201)) and continuous mapping.
Indeed: since sup,<; |7 - 5| > sup,;(—7 - xs) = —info<; (7 - z5) and sup,,(v - z,) <
SUp,<; |77 - os|, by following Lemma [3| we have that |M;(x)P < sup,c; |y - zsf? for
all z € Dga[0,00). We have that (7 - X™),en are all martingales in the respective
filtrations of (X™),en. Using the growth condition on f, then Lemma [3[ and Doob’s

LP-inequality we obtain

B [ (Mo XM P Lo 6] £ D (14 (25 ) B[l X721

so that sup, EF"[| f(Mr,a(X™)[P1 (.00 (Tarr, (X™))] < oo by our first assumption.
Since (M7,o(X™), Tazy . (X™)) =Y (Mr,0(X), Tary . (X)), Skorokhod’s representation al-
lows us to pass to some (£, £*") ~ (Mg o(X™), Tagy., (X™)) and (§,62) ~ (Mo (X)), Tazy., (X))

4



on the probability space ([0, 1], %[0, 1], \) such that (L7, 2n) —Aae (€1 ¢2) " Also,

sup B[ f (Mo (X)L 0,00) (Tatr o (X)) =Sup/ [F(EM) 7L (0,000 (€7™)dA
neN neN J[0,1]

and 1 = P((Mro(X), 7mr. (X)) € Clg)) = M(E',€%) € C(g)) by our second as-

sumption, so that by a.e. continuous mapping, uniform integrability and Vitali’s

convergence theorem we obtain the claim. [

2 Hyperplane a-quantiles and their random time

functionals

In this section we present our results on the continuity sets of the hyperplane a-quantile
and its random time functional defined as functions on Dga[0, 0c0). We shall begin by
recalling some elementary results about generalized inverse functions, which we will

make use of often.

Proposition 1. (see e.g. [10]; A.3. p. 0641-642) If v = (x4)er is R-valued nonde-
creasing, not necessarily cadlag, then the generalized inverse given by x~'(y) := inf{t :

xy >y} is such that:
1. 7% is nondecreasing, left-continuous;

2. x is continuous if and only if x™' is strictly increasing;

1

3. x is strictly increasing if and only if x™" is continuous.

If = is also right-continuous it follows that x; > y <= x '(y) <t (equivalently
T, <y < x'(y) >t). In fact, right-continuity is needed only for the implication
(<)

We now introduce the hyperplane a-quantile functional on the Skorokhod space,
which generalizes its special case found in the literature. We thus reformulate the
quantity presented in Equation (1] as a deterministic function acting on the space of
R?-valued cadlag functions. To identify a continuity set, we employ a proof technique
idea found in ([8]; 2.10. p. 340, 2.11. p. 341) for the continuity of first exit times;
this argument is based on dense sets in R. The gist of this technique will be present

in later arguments as well.



Lemma 1. Lett > 0,a € (0,1),y € R Define the hyperplane a-quantile functional
Dral0,00) 3 x — M o(z) by

S

t
Mt,a<x) = inf {y : / ]-{zeRd:'y-zgy} (xs)ds > Oé} (2)
0

Then:
1. M, is a Dya|0,00)/B(R)-measurable function;
2. Fort > 0,z € Dyal0,00) fized, oo — M, o(x) is nondecreasing and left-continuous;

3. Let My o+ (x) := limg o Myp(x). The set U(z,t) = {a € (0,1) : My(z) <

M o+ ()} is at most countable.

Proof. We first note that 1cpawy..<y}(Ts) = L ooy (v - 25). (1) Let t > 0,2 €
Dga0,00). Then y +— %fot 1(—y (7 - 5)ds is nondecreasing, taking values in [0, 1].
Also since 1(_ooy)(7 - s) = Lya,.00)(y) it is also right-continuous in y, and there-
fore, a — My, (x) is its generalized inverse function. So we have M;,(z) >y <=
%fot 1wy (v - zs)ds < a, therefore M;,(x) is a measurable function - indeed, the
time integral functional is a Zga[0, 00)/ZB(R)-measurable function. (2) It follows that
o +— M, o(z) is nondecreasing and left-continuous (see Proposition [I). (iii) Since
a — M, ,(x) is nondecreasing, it has at most countably many discontinuities and the

claim follows. OJ

Lemma 2. z € Cga[0,00) implies {a € (0,1) : Myo(x) < Mo+(x)} = 0, e

a— Mo (x) for a € (0,1) is continuous.

Proof. Consider y — %f;l(_wﬁy] (v - x5)ds. Since s — 7 -z, is continuous in [0, ],
it attains both its maximum T := sup,.,(7 - z5) and its minimum z := inf,(y -
xs). Without loss of generality, let x < T (the case x = T is immediate). We note:
fot 1wy (v-2s)ds = A{s € [0,t] : -2 < y}). Let e > 0and y € [z,7). Indicate with
(v - 2)~! the inverse image of s — v - x,. We get A({s € [0,t] :y <~y -2, <y+e}) >
M(v-2) M (y,y+¢))N[0,¢]). But (y-2)"*((y,y+¢&))N[0, ¢] is non-empty and contains a
non-empty open set since -z is continuous. So A({s € [0,t] 1y < v-zs <y+e}) >0,
and we conclude that y — § f(f 1(— ooy (7 - xs)ds is strictly increasing over [z, T), which

implies (see Proposition 1)) our conclusion. [

Proposition 2. Lett > 0,y € R%. The hyperplane a-quantile function x — M; ()
is continuous in the Skorokhod topology at all x such that o ¢ U(x,t) = {a € (0,1) :
Mt7a<x) < Mt,oﬂL (l‘)}



Proof. Suppose =" — z in the Skorokhod topology and « ¢ U(x,t). Then v - 2" —
v -z in the Skorokhod topology. Let y € {y : A{t : v-x; = y}) = 0}; then
%fot Loy (7 - 22)ds — %fot 1(—coy) (7 - 25)ds in the usual sense. If M;,(z) > y then
%fot 1oy (v 2s)ds < o and %fot 1wy (v -27)ds < o for n large enough, therefore
M;o(2™) > y as well. The set {y : A{t : v -2+ = y}) = 0} is dense in R. We
then conclude that liminf, . M; (™) > M,;,(x). Since a ¢ U(z,t), we get that
y > M, o(x) implies y > M; o+(x). Then, for some 8 > o we have y > M, (), which
implies 1 [ 1o y(v-z)ds > B > a. Iy e {y: \{t: v -z =y}) = 0}, then
%fot 100y (7 - 2%)ds > a for n large enough and we conclude M, (z™) < y. We then
have limsup,,_, . M; o(2") < M; o(z) and we conclude. O

Theorem 2. Let a € (0,1),t > 0,7 € RY Let X" = X. Suppose that for all ¢ > 0

we have, alternatively:
1. P(Myg(X) > My o(X)+¢) = 0as 5] aor
2. P(X € Cral0,00)) = 1;

Then M o(X™) =% My o(X) in the usual sense.

Proof. We have shown in Proposition [2 that x +— M, ,(x) is continuous at all x such
that o ¢ U(x,t), i.e. ¢ {1 M o(x) < M; 4+ (2)}. Recall also that 8 — M, g(x) is
nondecreasing left-continuous by Lemma [I] If (2) holds, the claim follows by Lemma
If (1) holds, without loss of generality let gy | « for a sequence (Bx)ren  (0,1).

Then for € > 0 we have
{w: Mg, (X(w)) > Myo(X(w)) +e} D{w: My o+ (X (w)) > My o(X(w)) + ¢}, VE €N

which implies P(M;o+(X) > M;o(X) +¢) = 0,¥e > 0 and so P(M;+(X) >
M, (X)) = 0. But then, X a.s. belongs to the continuity set we have identified

in Proposition [2] and by continuous mapping the claim follows. [

Lemma 3. Let o € (0,1),¢t > 0,7 € R? and x € Dga[0,0). Then infyi(y - z5) <
Mio(x) < sups(7 - ).

Proof. Suppose M ,(z) < inf,<(7 - ;). We have 2 fo oo Mya(@)] (V- Ts)ds > a >0
(see Proposition [I). But at the same time 1(_oo s, () (Y - Zs) = 0,¥s < t because
M, o(x) < infy<i(y-2,), which is a contradiction. Now suppose M; o(x) > sup,<(7-xs).
Then, this implies + fo —00,5Up, < (7:5)] (v-xs)ds < a < 1 (see again Proposition '
but 1o sup, gt(v-ws)]('y -xs) = 1,V¥s < t which yields a contradiction. We conclude. [J
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We now discuss the following random time functional of the hyperplane a-quantile

- the first time at which this quantity has been hit - and we identify in detail some

conditions at which this functional is continuous in the Skorokhod topology.

Theorem 3. Let T > 0,a € (0,1),y € RY. Let 2™ — x in the Skorokhod topology and
x such that o ¢ U(x,T). Define:

;

inf {t >0 sup, (v - 2)s > MTya(w)} if Mpo(x)>7-x

T T, (2) =40 if Mro(z) =" -39 (3)

inf {t >0 infey(y - 2)s < MT@(x)} if Mro(x) <7v-x
\

Suppose that Mr o (x) # v - x. Then:

1.

2.

liminf, 7a7,  (2") > Tz, (2);

If, equivalently, y — %fOT 1<y (25)ds ds continuous or B+ Mrpg(x) is
strictly increasing and additionally o € {a : limg_q Tary, ,(2) = Tagy, ()}, then

we have Tar,  (2") = Tagy, (2).

In fact, if the conditions of (2) are satisfied, then we also have

(Mra(2"), Tty o (7)) = (Mr,0(2), Ttz (7))

in the usual sense.

Proof. First note that, since 2" — z in the Skorokhod topology, then zj — z( and so

vy -xy — - xo. We exlcude the case Mr,(x) = v -z by assumption. For the cases

My o(x) > 7 - 29 and My, (x) < - 2o, we prove the first two claims in order:

1.

From the fact that x ¢ {z : Mr.(z) < Mrp.+(x)} it follows Mg, (2™) —
Mr (z) by Proposition . Suppose Mro(z) < v-xo. For all n sufficiently large
Mro(2™) < y-xp. Lett ¢ {t : |A(vy-z)| > 0}; then inf,<;(y-2™)s — infsci(7-2)s.
If t < 7a,, (), then infcy(y-2)s > Mro(x) and for n sufficiently large we have
infycy(y-2")s > Mpo(2") sot < Tag,, (27) as well for all n large enough. Since
{t : |A(y - z)¢{] > 0} is at most countable due to 7 - x being cadlag, its com-
plement is dense in R, and we conclude. An analogous argument holds for

Mro(x) > 7 - .



2. The equivalence of the first conditions can be seen from Proposition [T} Consider
x such that o € {a : limg_,q Tary 4 (%) = Tarp, ()}, in addition to a ¢ U(x,T).
Suppose again Mrq(x) < - 2. Choose a sequence (i T a. If t > 7y () then
t > limy Tagy y, (%) SO L > Tagy, () for some B < a. Let t & {t: [A(y-2)e > 0},
so that infs<;(y - 2")s — infs<i (v - x)s. We have infoi(y - 2)s < Mypg, (z) <
My (z) (due to strict monotonicity of 8 +— Mypg(x)) and inf,<(y - 2™), <
Mr o (2™) for all n large enough because My, (2") = Mr o (z) since a ¢ U(x,T).
Therefore, t > 7y, (z™) for all n large enough. Since {t : [A(y - z),| > 0} is at
most countable, we conclude that limsup,, 7as,, (") < 7as,,, (). Now suppose
Mrpo(x) > 7 - xo. Let again t ¢ {t : |A(y - x),] > 0} so that sup,.,(y-2")s —
SUP,<,(7 - )s. Choose a sequence B | a. If t > 7ar,  (2) then t > limy Tar, , (2)
80 1 > Tary, (x) for some B > a. We have sup,, (v - 2)s > Mrg,(z) > Mrq(2)
and sup,<,(y - 2")s > My (2") for all n large enough. So t > 7y, (27) for all n
large enough. Since {t : |A(y - z);] > 0} is at most countable, we conclude that

limsup,, Tar,., (") < Ty, (). We then conclude that 7z, (2") = 7o, (7).

The last statement immediately follows from the previous result and the fact that

|Mr (™) — Mro(z)| — 0, since o ¢ U(z,T) by assumption. O

Corollary 2. Leta € (0,1),T > 0,7 € R%. Suppose that x € Cga|0,00); then we have
Tatp, (2) = inf{t :y -2, = Mpo(2)} (4)

If x™ — x in the Skorokhod topology and:

1. MT,a(x) 7é Y oy

2. Equivalently, y — %fOT 1oy (25)ds is continuous or B+ Mypg(x) is strictly

mncreasing;
8. a € {a:limg o Tar, () = Tarp, ()}
then (Mra(2"), Tarr, (2")) = (Mr.a(z), 7oty (7))

Proof. This immediately follows from Theorem [3| and the fact that U(z,T) = 0 due
to the continuity of x by Lemma , which then also implies that § — Mrg(x) is

continuous and strictly increasing. ]



Lemma 4. Let T > 0,a € (0,1),y € Rz € Dga[0,00) and o ¢ U(x,T) and
Mro(x) # 7 - x9. Then

lim 7z, (2) = T, (2) = limgte Tt (7) = Thig () Mra(®) > 7 2o
e | limpya Targs () = Taag o (2) - Mra(z) <7 - 2o

Proof. Since a ¢ U(z,T), then Mrg(z) — Mro(z) as f — a. The claim follows
from the definition of  + 7a,(2) as in Theorem B} if Mra(z) > v - @, then
a = T () = inf{t > 0 : sup,;(y - x)s > Mrpa(x)}. Since v — inf{t > 0 :
sup,<;(7 - ¢)s > v} is nondecreasing left-continuous, we have that limg_.o 7as,. ,(7) =
Tuy, () if and only if limgjo Tas, 5(7) = Tagp, (2). Similarly, if Mr.(r) < v - 2o,
then o +— 7y, () = inf{t > 0 : infyi(y - 2)s < Mpo(x)}. Since v — inf{t > 0 :
infs<¢(7 - ¥)s < v} is nonincreasing cad, we have that limg_,o Tary 5 (%) = Ty, (7) if

and only if limgya Taz, , (7) = Tz, (T). O

3 Brownian hyperplane a-quantile

In this section we finally introduce the main propositions regarding the hyperplane
a-quantile applied to Brownian paths which will be needed to prove Theorem [I} The
proof of these results rely upon explicit functional forms of the joint density of the
Brownian time functional and the Brownian hyperplane a-quantile which are found in
[6]; we will also mention distributional results of the marginal density of the Brownian
a-quantile which can be found in [5]. We will first show a straightforward application
of the aforementioned results for the expected value of the Brownian hyperplane a-

quantile.

Example 1. Let v € R%. Suppose X = W where W is a standard R%Brownian
motion and ¥ is such that £¥' is a variance-covariance matrix and let a € (0,1). By

a.s. continuity of Brownian paths, Theorem [2| holds. We also have that

Mo (X)) = e Y20 ﬁ“ — o)t (©)

and M, 5(X) = M, o(X) as 8 | a.

Indeed: Note that~y-X is a (scaled) one-dimensional Brownian motion in the filtration
of W with constant volatility parameter ||y'%||; this can be seen e.g. by Lévy characteri-

sation. Define o := ||v/S]|. Denote with Y ; := sup,<,(v-X)u and Y, := inf,<s(7-X)..
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By symmetry and reflection principle we have E|Y,| = —E[Y,] = 0+/2s/m, ¥s > 0.
Now, also note again that 1{27Z<y}(X ) = Yooy (v - Xs); by ([3]; Th.2. p. 390), we
have My g(X) ~ Y(Blt) —1—Y( , where Y( - sup,<,(7- XW),, Y = inf, < (v- X?),
and XM, X qre IID copies of X. The first claim follows. By using the fact that

B — M, 3(X) is nondecreasing, we get

El|Myp(X) = Mio(X)|] = E[M;p(X)] = E[M¢a(X)]
V28— \2(1 - Pt - V2at 4+ /2(1 = a)t
ﬁ

o)

5
o
.
=

and the second claim follows.

For simplicity of exposition, in the following, X = YW where ¥ is such that XX’
is a (nondegenerate) variance-covariance matrix and W is a standard R%-Brownian

motion.

Proposition 3. Let T > 0,y € R?/{0}. Then y %fOT 1<y (Xs)ds is P-a.s.

continuous. Therefore, equivalently, (0,1) > a — My o(X) is strictly increasing P-a.s.

Proof. We know that - X is a Brownian motion in the filtration of W with volatility
parameter |[7'X||. Without loss of generality let ||v'X| = 1. The local time y —
lim._,o = % fo (y—ey+e] (7 - Xs(w))ds exists and is finite for all y for P-almost always
w € Q (see e.g. ([9]; 6.5. p. 203)), and therefore y — %fOT 1ioy2<yy (X )ds, since it is

cad, is continuous P-a.s. in y. The final claim follows from Proposition [I] [

The subsequent proposition makes it clear that the previous result, while intuitive,
is not easily proved with standard techniques and our argument necessarily relies on

a deep property of the local times of Brownian motion.

Proposition 4. ([12]; 21.2. p. 135) IfY is a Lévy process, thent — Y;(w) is piecewise
constant for P-almost always w €  if and only if Y is a compound Poisson process

orY =0 P-a.s.

Proposition 5. Let T > 0,y € R%. Let D = {by,by,...} C R be a countable dense
subset. Then the condition P(Ugen{A\({s € [0,T]:v-Ys; =bx}) > 0}) = 0 alone does

not imply that y — %fOT 1ioiyo<yy (Ys)ds is P-a.s. continuous.
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Proof. If ~v - Y is compound Poisson process-distributed with a.s. nonnegative incre-
ments and with Lebesgue absolutely continuous density at all ¢ then it is a counterex-
ample which shows the claim. Indeed, for any b, € D we have E[A({s € [0,T] : v-Y, =
br})] = 0 because P(vy-Y; =b,) = 0,Vt > 0,Vk € N so it follows that

P(Uren{A({s € [0,T]: Y, = b}) > 0}) <> PA{s € [0,T) : y-Ya = by}) > 0) =0
keN
(8)

But v -Y is a.s. piecewise constant, so y > %fOT 1(z.2<yy (Ys)ds is a.s. discontinuous
in at least one point in y. Indeed, suppose z € DI[0,00) and z is nondecreasing
piecewise constant, that is there exist 0 < ¢; < ... < t; < ... such that z is constant
on [ty,tgr1). Without loss of generality suppose = has at least two consecutive jump-
times 0 < uy < up <7T. So x,, = Ty + Az,,, and then limg,, fOT 1 ooy (ws)ds <
fOT 1(—o02,,](2s)ds because z, = x,, for all s € [uy,u) and so fOTl(_oqy](xs)ds is
constant for all z,- <y < z,,. We conclude. O]

Lemma 5. Let T > 0,7 € R?/{0},2 € R. Then, we have P(Mr,(X)=2) =0, Va €
(0,1).

Proof. Recall - X is a one dimensional (scaled by constant volatility ||7'3||) Brownian
motion in the filtration of W. The claim immediately follows from the fact that
Mr,(X) has a Lebesgue density for any a € (0,1),7 > 0 (see e.g. ([5]; Th.1. p.
390)). O

Proposition 6. Let o € (0,1),7 > 0,7 € R*/{0}; then P(limp_,q 7, ,(X) =
TMT,a (X)) = 1

Proof. Of course Xy = 0 a.s. Since X has a.s. continuous paths, then g — Mz g(X) is
a.s. strictly increasing continuous by Proposition[8land Lemma[2l On {Mr,(X) > 0},
since the function [0,00) > v+ inf{t > 0 : sup,,(y - X)¢ > v} is nondecreasing and

left-continuous, we have limgra 7oz 5 (X) = Tasy,, (X). Now note, for 3 > «, that:

P({7asy 5 (X) > Taap o (X) 4+ e} N {M7po(X) > 0})
< e NEN g0 (x)50) T 5 (X)) = Ed(aty 0 ()50) ot o (X))
< e NEN (aar y(x)50) Tt s (X)) = B[ty 0 (39500 Ttz o (X)) (9)

and by ([6]; Remark.1. p. 32) we have by Tonelli-Fubini (without loss of generality
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T =1 and 7 - X has unit volatility parameter)

b 2
B[l o> 5 (X)] = / / U——e———e "/ qudb
(a0 5(x)>0) a5 (X)) r+ Jog w1 — u)

1
:/ —4/ Y du
(0”3]7'[' 1—u
1

= —(aresin(v/8) = V(1 - 8)8) (10)

But this function is continuous in 8. So E[1{as, 5(x)>0yTarr 5 (X)] = E[L{asy . (x)>0) Tz (X)]
and so P({7ar; 5(X) > Tarp  (X) + e} N {M7o(X) > 0}) = 0, Ve > 0. Therefore since

v inf{t > 0 : sup,,(y - x)s > v} is nondecreasing left-continuous we have
P({lﬁg{g Tt (X) > Tap (X)) + e} N { M7 (X) > 0}) =0,Ve >0 (11)
which implies, as € | 0 that
P T, (X) > 7oty (X)) 1) (Ma(X) > 0}) =0 (12)

and therefore P({limgyo Tazy 5(X) # Tarp o (X)} N {M7o(X) > 0}) = 0. We then
conclude that limg_,, Taz;, ,(X) = Tagp, (X) on {Mr4(X) > 0} with probability one.
A symmetric argument holds on {Mr,(X) < 0}: indeed for § < a (and so My, <
0 = Myrp < 0) we again have

P({TMT,ﬁ (X) > TM7 .o (X) + 5} N {MTLY(X) < O}>
< e MEM (g (x) <0y Tt s (X)] = B[ty (x)<0) Tt o (X)) (13)

and we argue similarly as above. Therefore we conclude since P(Mr,(X) = 0) =0
by Lemma

Ideally, we would like to extend the results of this section to processes which gen-
eralise Brownian motion, such as SDEs of the form dY; = b(Y;)dW; where b is a
d x d time-homogeneous volatility matrix. However, the direct extension of, in par-
ticular, Proposition [6] does not appear immediate, since explicit distributional results
of (M1,o(Y), az,,(Y)) in such case are not - to the best of our knowledge - known in
the literature. However, we conjecture that the equivalent of Theorem (1| for Y is true

under standard technical assumptions on b.
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